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INTEGRALS OVER MODULI SPACES, GROUND RING, AND

FOUR-POINT FUNCTION IN MINIMAL LIOUVILLE GRAVITY

A. A. Belavin∗ and Al. B. Zamolodchikov†

Directly evaluating the correlation functions in 2D minimal gravity requires integrating over the moduli

space. For degenerate fields, the higher equations of motion of the Liouville field theory allow converting

the integrand to a derivative, which reduces the integral to boundary terms and the so-called curvature

contribution. The latter is directly related to the vacuum expectation value of the corresponding ground-

ring element. The action of this element on the cohomology related to a generic matter primary field

is evaluated directly in terms of the operator product expansions of the degenerate fields. This allows

constructing the ground-ring algebra and evaluating the curvature term in the four-point function. We

also analyze the operator product expansions of the Liouville “logarithmic primaries” and calculate the

relevant logarithmic terms. Based on this, we obtain an explicit expression for the four-point correlation

number of one degenerate and three generic matter fields. We compare this integral with the numbers

obtained from the matrix models of 2D gravity and discuss some related problems and ambiguities.

Keywords: Polyakov string theory, Liouville gravity

1. Introduction

1. Liouville gravity (LG) is the term for the two-dimensional quantum gravity whose action is
induced by “critical” matter, i.e., the matter Mc described by a conformal field theory (CFT) with the
central charge c. This induced action is universal and is called the Liouville action because its variation
w.r.t. the metric is proportional to the Liouville (or constant-curvature) equation [1]. We let {Φi, ∆i}
denote the set of primary fields and their dimensions in the CFT of the matter Mc.

2. Liouville field theory (LFT) is constructed as the quantized version of the classical theory based
on the Liouville action; LFT is again a CFT with the central charge cL. It can be conveniently parameterized
in terms of the variable b or the parameter

Q = b−1 + b (1.1)

as
cL = 1 + 6Q2. (1.2)

The parameter b enters the local Lagrangian

LL =
1
4π

(∂aφ)2 + µe2bφ, (1.3)
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where µ is the scale parameter called the cosmological constant and φ is the dynamical variable for the
quantized metric

ds2 = e2bφĝab dxa dxb. (1.4)

Here, ĝab is the “background metric,” a technical tool needed to give the LFT a covariant form,

AL =
∫ (

1
4π

ĝab∂aφ∂bφ +
Q

4π
φR̂ + µe2bφ

)√
ĝ d2x, (1.5)

where R̂ denotes the scalar curvature of the background metric. The basic primary fields are exponential
operators Va = e2aφ, parameterized by a continuous parameter a (complex in the general case) such that
the corresponding conformal dimension is

∆(L)
a = a(Q − a). (1.6)

The LFT is exactly solvable [2]. In particular, the three-point function

CL(a1, a2, a3) =
〈
Va1(x1)Va2(x2)Va3(x3)

〉
L

is known explicitly for arbitrary exponential fields,

CL(a1, a2, a3) =
(
πµγ(b2)b2−2b2

)(Q−a)/b Υb(b)
Υb(a − Q)

3∏
i=1

Υb(2ai)
Υb(a − ai)

, (1.7)

where a = a1 + a2 + a3 and Υb(x) is a special function related to the Barnes double gamma function
(see, e.g., [3]). Correlation function (1.7) is consistent with the identification of the exponential fields with
different values of a

Va(x) = RL(a)VQ−a(x), (1.8)

known as the reflection relations [3]. Here,

RL(a) =
(
πµγ(b2)

)(Q−2a)/b γ(2ab − b2)
γ(2 − 2ab−1 + b−2)

(1.9)

is the so-called the Liouville reflection amplitude. The local structure of LFT is completely determined by
the general “continuous” operator product expansion (OPE) of generic Liouville exponential fields,

Va1(x)Va2 (0) =
∫ ′ dP

4π
C(L)Q/2+iP

a1,a2
(xx̄)∆

(L)
Q/2+iP

−∆(L)
a1

−∆(L)
a2
[
VQ/2+iP (0)

]
, (1.10)

where the structure constant is expressed in terms of function (1.7): C
(L)p
a1,a2 = CL(g, a, Q−p). The integration

contour here is the real axis if a1 and a2 are in the “basic domain”
∣∣∣∣Q2 − Re a1

∣∣∣∣+
∣∣∣∣Q2 − Re a2

∣∣∣∣ <
Q

2
. (1.11)

In other domains of these parameters, we imply an analytic continuation, which is equivalent to a certain
deformation of the contour because of singularities of the structure constant. The prime on the integral
sign in (1.10) denotes this prescription.

In LG, the parameter b is chosen to ensure that the LFT together with the CFT of the matter Mc

forms a joint CFT with the central charge c + cL = 26. Technically, it is also convenient to include the
following theory.
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3. The reparameterization ghost field theory is the standard fermionic BC system of spin
(2,−1),

Agh =
1
π

∫
(C∂̄B + C∂B̄) d2x, (1.12)

with the central charge −26, which corresponds to the gauge-fixing Faddeev–Popov determinant. The
“matter+Liouville” stress tensor T generates a 26-dimensional Virasoro algebra. Together with the ghost
field theory, this allows constructing a BRST complex with the nilpotent BRST charge

Q =
∮

(CT + C∂CB)
dz

2πi
. (1.13)

4. Constructing correlation functions is one of the most important problems in LG. In gravitational
correlation functions, the matter operators Φi are “dressed” by appropriate exponential Liouville fields Vai

to form either the (1, 1)-forms Ui = ΦiVai of ghost number zero or the (0, 0)-dimension operators Wi = CCUi

of ghost number one. In both cases, this requires

∆i + ai(Q − ai) = 1. (1.14)

Invariant (or integrated) correlation functions are independent of the coordinates and are better called the
correlation numbers. In the field theory framework, a (genus-0) correlation number 〈U1 · · ·Un〉G for n ≥ 3
is constructed as the integral

〈U1 · · ·Un〉G =
∫ 〈

W1(x1)W2(x2)W3(x3)U4(x4) d2x4 · · ·Un(xn) d2xn

〉
. (1.15)

The integration here is over the moduli space Mn of the sphere with n punctures. Technically, it is
equivalent to choosing any three insertions of Wi at arbitrary fixed positions x1, x2, and x3 with the
subsequent integration of the (1, 1)-forms Ui(xi) d2xi inserted instead of Wi at the points i = 4, . . . , n. For
n < 3, the definition differs slightly because of nontrivial conformal symmetries of the sphere with two and
zero punctures.

The simplest case of correlation function (1.15) is the three-point function, where the moduli space is
trivial and the result reduces to a product of the matter, Liouville, and ghost three-point functions:

〈U1U2U3〉G = x12x̄12x23x̄23x31x̄31

〈
Φ1(x1)Φ2(x2)Φ3(x3)

〉
CFT

〈
V1(x1)V2(x2)V (x3)

〉
L
. (1.16)

The three-point functions
〈
Φ1(x1)Φ2(x2)Φ3(x3)

〉
CFT

, also known as the structure constants of the OPE
algebra, are known explicitly in solvable matter CFTs. Thus, Eq. (1.16) gives the LG three-point correlation
number explicitly. The two-point number and the zero-point number (the partition function) can be easily
obtained from this expression for the three-point function.

5. The four-point function is of the next order of complexity,

〈U1U2U3U4〉G = x12x̄12x23x̄23x31x̄31

∫ 〈
Φ1(x1) · · ·Φ4(x4)

〉
CFT

〈
V1(x1) · · ·V4(x4)

〉
L

d2x4. (1.17)

This expression is much less explicit. First, it involves the integration over x4. Second, even if the matter
four-point function is known in any convenient form, the general representation for the Liouville four-point
function turns out to be much more complicated. For instance, the “conformal block” decomposition [3]

〈
V1(x1) · · ·V4(x4)

〉
L

=
∫

dP

4π
CL

(
a1, a2,

Q

2
+ iP

)
CL

(
Q

2
− iP, a3, a4

)
FP (ai, xi)FP (ai, x̄i) (1.18)
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involves the so-called general conformal block [4]

FP (ai, xi) �
�

�
�

�
�

�
�

P

1

2

3

4

= FP

(
a1 a3

a2 a4

∣∣∣∣
x1 x3

x2 x4

)
, (1.19)

which itself is a complicated function of its arguments, not to speak of the integration over the “intermediate
momentum” P in (1.18). In the present paper, we take a preliminary step toward evaluating the four-point
integral in the special case of minimal gravity.

6. Minimal gravity (MG) or generalized minimal gravity (GMG) is considered when the conformal
matter Mc is represented by a minimal CFT model Mb2 or, more precisely, by a “generalized minimal
model” (GMM), discussed below. In GMG, the evaluation of the four-point integral is dramatically sim-
plified in the case where one of the matter operators Φi in the r.h.s. of (1.17) is a degenerate field Φm,n

because of the so-called higher equations of motion (HEMs) satisfied by the operator fields in LFT [5]. Let
U4 = Um,n, where

Um,n = Φm,nṼm,n, (1.20)

and Ṽm,n is an appropriate Liouville dressing for Φm,n. Then HEMs allow rewriting the integrand in (1.17)
as a derivative,

〈U1U2U3Um,n〉GMG = B−1
m,n

∫
∂∂̄
〈
O′

m,n(x)W1(x1)W2(x2)W3(x3)
〉
d2x (1.21)

(here, Bm,n is a numerical constant; see Sec. 3), thus reducing the problem to the boundary terms and the
so-called curvature term. The latter can be directly expressed in terms of the expectation 〈Om,nW1W2W3〉
for the ground-ring element Om,n.

7. The ground-ring (GR) element Om,n is associated with the field Φm,n. We therefore want to
learn how to handle the GR algebra and the correlation functions of its elements. This knowledge also
proves useful in subsequently calculating the boundary terms.

8. Boundary terms can be evaluated if we know the appropriate terms in the OPE of the field O′
m,n

in (1.21). This field is constructed as a “logarithmic partner” of the element Om,n and satisfies the identity

∂∂̄O′
m,n = Bm,nUm,n + BRST exact terms. (1.22)

Analyzing this expansion, we can evaluate the boundary contributions and finally obtain four-point inte-
gral (1.17) with U4 = Um,n. This is the main purpose of our work presented below.

2. Generalized minimal models

Strictly speaking, CFT minimal models Mp/p′ [4] are consistently defined as field theory constructions
only if the “parameter” p/p′ is an irreducible rational number such that p and p′ are coprime integers. In this
case, the finite set of (p−1)(p′−1)/2 degenerate primary fields Φm,n with 1 ≤ m ≤ p−1 and 1 ≤ n ≤ p′−1
(modulo the identification Φm,n = Φp−m,p′−n), together with their irreducible representations, form the
total space of Mp/p′ . “Canonical” minimal models Mp/p′ are believed to be a completely consistent CFTs,
i.e., they satisfy all standard requirements of quantum field theory except unitarity (in most cases). They
are also considered exactly solvable because the structure of their OPE algebra is known explicitly [6].

There are many ways to remove some of the requirements leading to the set of Mp/p′ as unique CFT
structures. For example, the “parameter” p/p′ is often taken as an arbitrary number in the literature [6].
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The algebra of degenerate primary fields then becomes nonclosed within any finite subset, and only the
whole set {Φm,n} with (m, n) comprising pairs of all natural numbers forms a closed algebra. Moreover,
some authors include local fields with dimensions different from the Kač values and even with continuous
spectrum of dimensions. Although the consistency of such constructions remains to be clarified from the
field theory standpoint, these extensions prove to be a convenient technical tool. Moreover, statistical
mechanics offers a number of examples where either a generalization of Mp/p′ to the case of noninteger
values p/p′ is essentially necessary or nondegenerate primary operators appear as observables (both these
generalizations find applications).

In this paper, we let b2 denote the parameter p/p′ and admit the notion of GMM in the widest sense
of a CFT with the central charge

c = 1 − 6(b−1 − b)2, (2.1)

which may involve fields Φα of any dimension. We also introduce the continuous parameter α, which
parameterizes a continuous family of primary fields with the dimensions

∆(M)
α = α(α − q), (2.2)

where
q = b−1 − b. (2.3)

Also, we always use the “canonical” CFT normalization of the primary fields Φα in terms of the two-point
functions

〈ΦαΦα〉GMM = (xx̄)−2∆α . (2.4)

Degenerate fields Φm,n have the dimensions

∆(M)
m,n = −q2

4
+ λ2

m,−n, (2.5)

where we introduce yet another convenient notation,

λm,n =
mb−1 + nb

2
. (2.6)

These quantities correspond to either α = αm,n or α = q − αm,n with

αm,n =
q

2
+ λ−m,n. (2.7)

The main restrictions, which select this apparently loose construction, are as follows:

1. The degenerate fields Φ1,2 and Φ2,1 (and therefore the whole set {Φm,n} in general) are in the
spectrum.

2. The null vectors vanish in the degenerate representations Φm,n,

D(M)
m,nΦm,n = D

(M)

m,nΦm,n = 0. (2.8)

Here, D
(M)
m,n and D

(M)

m,n are the operators constructed from the respective right Virasoro generators1

Mn and left Virasoro generators Mn, which create the level-mn singular vector in the Virasoro
module of Φm,n. For definiteness, we normalize these operators in terms of the Mmn

−1 term as

D(M)
m,n = Mmn

−1 + d
(m,n)
1 (b2)M−2M

mn−2
−1 + . . . . (2.9)

1We use nonstandard notation Mn for the Virasoro generators of the matter conformal symmetry to save Ln for the
generators of the Liouville-field Virasoro algebra.
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The first explicit examples are

D
(M)
1,2 = M2

−1 − b2M−2,

D
(M)
1,3 = M3

−1 − 2b2(M−2M−1 + M−1M−2) + 4b4M−3.

(2.10)

3. The identification Φα ≡ Φq−α is often implied here.

It turns out that this set of definitions imposes important restrictions on the structure of the formal
construction. The three-point function

CM(α1, α2, α3) = 〈Φα1Φα2Φα3〉GMM (2.11)

of the “generic” primary fields can be restored uniquely from the above requirements [7],

CM(α1, α2, α3) =
bb−2−b2−1Υb(2b − b−1 + α)[
γ(1 − b2)γ(2 − b−2)

]1/2Υb(b)
×

×
3∏

i=1

Υb(α − 2αi + b)[
Υb(2αi + b)Υb(2αi + 2b − b−1)

]1/2
, (2.12)

where again α = α1 + α2 + α3 and Υb(x) is the same function as in Eq. (1.7). For degenerate values of
the parameters αi = αmi,ni (and if the standard “fusion” relations are satisfied), the known degenerate
structure constants [6] are recovered from (2.12).

The explicit form of the OPE of Φ1,2 and a generic primary field Φα is

Φ1,2(x)Φα(0) = C
(M)
+ (α)(xx̄)αb[Φα+b/2] + C

(M)
− (α)(xx̄)1−αb−b2 [Φα−b/2] (2.13)

(here, [Φα] denotes a primary field Φα and all the tower of its conformal descendants). We use it below. In
our normalization,

C
(M)
+ (α) =

[
γ(b2)γ(2αb + 2b2 − 1)
γ(2b2 − 1)γ(b2 + 2αb)

]1/2

, C
(M)
− (α) =

[
γ(b2)γ(2αb + b2 − 1)

γ(2b2 − 1)γ(2αb)

]1/2

. (2.14)

The general form of (2.13) is

Φm,n(x)Φα(0) =
(m,n)∑

r,s

(xx̄)λr,s(2α+λr,s−q)−∆(M)
m,nCM(αm,n, α, α + λr,s)[Φα+λr,s ], (2.15)

where the parameters λr,s are as in Eq. (2.6) and the symbol
∑(m,n)

r,s denotes the sum over the set of integers
(we use the notation {n1 : d : n1 + nd} = {n1, n1 + d, . . . , n1 + nd})

(r, s) =
({−m + 1 : 2 : m − 1}, {−n + 1 : 2 : n − 1}). (2.16)

Other exact results in GMM constitute a somewhat miscellaneous collection. What is important for
our program is the construction of the four-point function

G
(GMM)
(m,n),α1,α2,α3

(x) =
〈
Φm,n(x)Φα1 (x1)Φα2(x2)Φα3(x3)

〉
GMM

(2.17)
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with one degenerate field Φm,n and three generic primaries Φα [4]. Null-vector decoupling condition (2.8)
entails a certain partial differential equation for the corresponding correlation functions. In the four-point
case, this equation reduces to an ordinary linear differential equation of order mn whose independent
solutions are the four-point conformal blocks,

Fr,s(x) = �
�

�
�

�
�

�
�

∆(r,s)

x ∆m,n

∆1 x3(= ∞)x1(= 0)

∆2

∆3

(2.18)

(where we set ∆i = ∆(M)
αi , ∆m,n = ∆(M)

m,n, and ∆r,s = ∆(M)
α1 + λr,−s(2α1 − q + λr,−s)). The four-point

function then becomes

G
(GMM)
(m,n),α1,α2,α3

(x) =
(m,n)∑

r,s

CM(αm,n, α1, α1 + λr,−s)CM(α1 + λr,−s, α2, α3)Fr,s(x)Fr,s(x̄), (2.19)

where
∑(m,n)

r,s has the same meaning as in Eq. (2.15).
The following remark is very important for what follows. In the present study, when considering the

GMG, we restrict ourself only to the four-point function with one degenerate matter field Φm,n, leaving the
other three fields to be formal generic fields Φα. In particular, using expression (2.19), we can conveniently
rewrite the matter part of the integrand in Eq. (1.17). What is important is that if one or more of the
operators Φα are also degenerate,2 then the number of conformal blocks in correlation function (2.19) might
be reduced, and this expression ceases to be satisfied literally. In this case, the considerations below are
not literally valid. Important and sometimes rather subtle modifications must be made. In the present
paper, we do not study this interesting, but more delicate, situation (although it is extremely relevant for
quantum gravity applications).

There is another interesting aspect similar to the abovementioned subtlety. When dealing with GMM,
one should keep in mind that there are objects of different nature. Some are continuous in the parameter
b2, like the central charge, degenerate dimensions, and certain correlation functions. Others may be highly
discontinuous and may depend on the arithmetic nature of numbers p and p′. The simplest example is the
number of irreducible representations of the Virasoro algebra in the theory. This warns us to be careful
when trying to reproduce the results of Mp/p′ as a naive limit of Mb2 as b2 → p/p′ and α → αm,n in the
formal primary fields. We therefore again stress that the three matter fields Φα in the matter correlation
function correspond to generic nondegenerate values of the parameters α1, α2, and α3.

3. Higher equations of motion

Let am,n = Q/2 − λm,n, where (m, n) is a pair of positive integers such that Vm,n = Vam,n are the
Liouville exponentials corresponding to degenerate representations of the Liouville Virasoro algebra. Also
let D

(L)
m,n be the corresponding “singular vector-creating” operators constructed from the Liouville Virasoro

generators Ln, similar to the operators D
(M)
m,n introduced above. In fact, the operators D

(L)
m,n can be obtained

from D
(M)
m,n via the substitution Mn → Ln and b2 → −b2. As in the GMM, the corresponding singular states

vanish in LFT [8],

D(L)
m,nVm,n = D

(L)

m,nVm,n = 0. (3.1)

2We note that this does not merely mean that the corresponding dimension, e.g., ∆
(M)
1 = α1(α1 − q), belongs to the

Kač spectrum of degenerate dimensions. Moreover, the other two parameters α2 and α3 must be related to ensure that the
corresponding singular vector vanishes.
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Let D
(L)
m,n be normalized similarly to (2.9) as

D(L)
m,n = Lmn

−1 + d
(m,n)
1 (−b2)L−2L

mn−2
−1 + . . . . (3.2)

We also define the “logarithmic degenerate” fields

V ′
m,n =

1
2

∂

∂a
Va|a=am,n (3.3)

for each pair (m, n) of natural numbers. These fields are not primary. Under conformal transformations
x → y, they transform as

|yx|2∆m,nV ′
m,n(y) = V ′

m,n(x) − ∆′
m,nVm,n(x) log |yx|, (3.4)

where yx denotes ∂y/∂x. Nevertheless, as was shown in [5], D
(L)
m,nD

(L)

m,nV ′
m,n is a primary field; moreover,

the identity
D(L)

m,nD
(L)

m,nV ′
m,n = Bm,nṼm,n (3.5)

holds for the LFT operator fields, where Ṽm,n = Va|a=am,−n is the Liouville exponential of the dimension
∆(L)

m,n + mn. The numerical constant Bm,n is

Bm,n =

(
πµγ(b2)

)n
b1+2n−2m

γ(1 − m + nb2)

{m,n}∏
k,l

2λk,l, (3.6)

where
∏{m,n}

k,l denotes the product over the pairs

(k, l) =
({−m + 1 : 1 : m − 1} ⊗ {−n + 1 : 1 : n − 1}) \ (0, 0). (3.7)

We mention that in GMG, the exponential Ṽm,n is naturally combined with the corresponding minimal
matter field Φm,n to form dressed (1, 1)-form (1.20). This makes HEMs crucial for the integrability of (1.17)
in MG.

4. Generalized minimal gravity

We here present some known results in GMG. Because the matter GMM parameter b, as has been
repeatedly observed in the literature, coincides with the one of the corresponding LFT in GMG, we keep
the same notation throughout this paper. Equation (2.2) allows two solutions for α in the case of dressed
matter fields Ua = ΦaVa. For definiteness, we take

Ua = Φa−bVa. (4.1)

The GMG problem is to evaluate gravitational correlation functions (1.15) with the matter part given by
the GMM expressions. We therefore restrict our consideration to those GMG theories in which the GMM
correlation function is uniquely determined.

The three-point function is easily calculated by multiplying CM(a1−b, a2−b, a3−b) by the corresponding
Liouville three-point function C

(L)
a1,a2,a3 . The resulting product can be written in the form

〈Wa1Wa2Wa2〉GMG = ΩN(a1)N(a2)N(a3), (4.2)
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where Wa = CCUa,3

Ω = −[πµγ(b2)
]Q/b[

γ(b2)γ(b−2 − 1)b−2
]1/2

, (4.3)

and the “leg-factors” N(a) are

N(a) =
[
πµγ(b2)

]−a/b[
γ(2ab − b2)γ(2ab−1 − b−2)

]1/2
. (4.4)

The two-point function 〈UaUa〉GMG and the partition function ZL can be restored from this expression in
the forms

〈UaUa〉GMG =
[
πµγ(b2)

]Q/b N2(a)
π(2a − Q)

, (4.5)

ZL =
[
πµγ(b2)

]Q/b 1 − b2

π3Qγ(b2)γ(b−2)
. (4.6)

For the normalized correlation functions

〈〈UaUa〉
〉

= Z−1
L 〈UaUa〉GMG,

〈〈Wa1Wa2Wa2〉
〉

= Z−1
L 〈Wa1Wa2Wa2〉GMG,

it is convenient to use the slightly different leg-factors

N (a) = πN(a)
[

γ(b2)γ(b−2)
−(1 − b−2)2

]1/2

=
π

(πµ)a/b

[
γ(2ab − b2)γ(2ab−1 − b−2)

γ2a/b−1(b2)γ(2 − b−2)

]
, (4.7)

where, for definiteness, we suppose that the branch of the square root is chosen such that

N (b) = µ−1, (4.8)

〈〈Wa1Wa2Wa2〉
〉

= −(1 + b−2)b−2(b−2 − 1)
3∏

i=1

N (ai),

〈〈UaUa〉
〉

=
(b−2 + 1)b−2(b−2 − 1)

(2ab−1 − b−2 − 1)
N 2(a).

(4.9)

For generic values of a, it is convenient to define the renormalized fields

U(a) = N−1(a)Ua, W(a) = N−1(a)Wa, (4.10)

for which relations (4.9) become

〈〈U(a)U(a)
〉〉

=
(g + 1)g(g − 1)

(2s − g − 1)
,

〈〈W(a1)W(a2)W(a3)
〉〉

= −(g + 1)g(g − 1),

(4.11)

where s = ab−1 and g = b−2. It can be readily verified that formally W(a) = W(Q − a), i.e., the dressed
matter operators are independent of the choice of the dressing in this normalization. This might seem an
important advantage, but the price is that leg-factors (4.4) become singular at some points (and in any
case depend on the cosmological constant µ).

3In what follows, we use the less compact notation U(a) = Ua and W (a) = Wa.
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5. Discrete states and the four-point integral

The next level of difficulty is the four-point correlation number 〈Ua1Ua2Ua3Ua4〉GMG given by inte-
gral (1.17). If one of the four matter operators is degenerate, for example, Φα4 = Φm,n, the matter
four-point function is constructed explicitly via (2.19). Let the other three fields remain generic formal
primaries of GMM.4 Our purpose is to evaluate the integral

〈Um,nUa1Ua2Ua3〉GMG =
∫ 〈

Um,n(x)Wa1 (x1)Wa2 (x2)Wa3(x3)
〉
d2x, (5.1)

where Um,n is the dressed degenerate field Φm,n defined in (1.20). We let

Θm,n = Φm,nVm,n (5.2)

denote the direct product of the matter and Liouville degenerate fields and introduce the operators

Dm,n = D(M)
m,n + (−1)mnD(L)

m,n (5.3)

(and similarly for Dm,n), where D
(M)
m,n and D

(L)
m,n are matter and Liouville “singular vector-creating” opera-

tors (2.9) and (3.2).

Proposition 1. For every pair (m, n) of positive integers, there exists an operator Hm,n constructed

from the Virasoro generators Mn and Ln and the ghost fields B and C. It has the form of a graded

polynomial of the order mn − 1 and the ghost number zero such that Hm,nΘm,n is closed but nontrivial.

The operator Hm,n is unique modulo exact terms, i.e., represents a one-dimensional cohomology class.

This statement can be verified by explicit calculations on the first levels. We find

H1,2 = M−1 − L−1 + b2CB,

H1,3 = M2
−1 − M−1L−1 + L2

−1 − 2b2(M−2 + L−2) + 2b2(M−1 − L−1)CB − 4b4C∂B.
(5.4)

For the series (1, n), the proof based on the explicit expression for the operators D
(L)
m,n and D

(M)
m,n [9] was

given in [10]. The statement most certainly also holds for general (m, n) [11].
The cohomology classes Hm,nΘm,n discovered in [12], [13] are called the “discrete states.” Although

the generic form of the operators Hm,n is unknown to us, we assume that their normalization is fixed as

Hm,n =
mn−1∑
k=0

(M−1)mn−1−k(−L−1)k + . . . . (5.5)

Obviously,
(∂Hm,n −QRm,n)Θm,n = (∂̄Hm,n −QRm,n)Θm,n = 0, (5.6)

where Rm,n is again a graded polynomial in Mn, Ln, and ghosts.

Proposition 2. We have the equality

Dm,nDm,nΘ′
m,n = (∂Hm,n −QRm,n)(∂̄Hm,n −QRm,n)Θ′

m,n, (5.7)

where

Θ′
m,n = Φm,nV ′

m,n (5.8)

and the vertex operator V ′
m,n is from Eq. (3.3).

4As previously discussed, the last requirement is essential because sometimes correlation functions with degenerate fields
are not straightforward limits of those with generic ones with the appropriate specialization of the parameter.
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We verified relation (5.7) directly for (m, n) = (1, 2) and (1, 3). It is therefore possible that a more
general case might require some modifications. Combined with HEM (3.5), this statement gives the precise
local form of “cohomological HEM” (1.22). In particular, it allows replacing Eq. (5.1) with (1.21) and then
rewriting the latter as

〈Um,nUa1Ua2Ua3〉GMG = B−1
m,n

∫
∂Γ

∂
〈
O′

m,n(x)Wa1 (x1)Wa2 (x2)Wa3(x3)
〉dx

2i
, (5.9)

where
O′

m,n = Hm,nHm,nΘ′
m,n. (5.10)

The moduli integral then reduces to the boundary integral and the so-called curvature contribution. The
boundary consists of three small circles ∂Γ =

∑3
i=1 ∂Γi around the W insertions (integrated clockwise)

and a large circle ∂Γ∞ near infinity (integrated counterclockwise); the integration over the latter gives
what is called the curvature contribution. To evaluate the boundary terms, we must better understand the
short-distance behavior of the operator product O′

m,n(x)Wa(0). As the first step, we discuss the curvature
term.

6. Curvature term

The curvature term arises because the operator O′
m,n is not exactly a scalar (a (0, 0)-form) but a

logarithmic field. Under conformal coordinate transformations x → y, it acquires an inhomogeneous part

O′
m,n(y) = O′

m,n(x) − ∆′
m,nOm,n(x) log |yx|, (6.1)

where
Om,n = Hm,nHm,nΘm,n (6.2)

is the GR element (see below) and

∆′
m,n =

d

da
∆(L)

a

∣∣∣∣
a=am,n

= mb−1 + nb = 2λm,n. (6.3)

This subtlety can be treated in two ways. First, it is easy to show that transformation (6.1) on the sphere
leads to the following behavior of the correlation function with O′

m,n(x) as x → ∞:

〈
O′

m,n(x)Wa1 (x1)Wa2(x2)Wa3 (x3)
〉 ∼ −∆′

m,n log(xx̄)〈Om,nWa1Wa2Wa3〉. (6.4)

The curvature contribution can therefore be included as a boundary term ∂Γ∞ corresponding to integration
around infinity. This term can be evaluated as

1
2i

∫
∂Γ∞

∂
〈
O′

m,n(x)Wa1 (x1)Wa2 (x2)Wa3(x3)
〉
dx = −2πλm,n〈Om,nWa1Wa2Wa3〉. (6.5)

Another trick, which can be easily generalized for more complicated surfaces, is to keep the trace of the
background metric ĝab = eσδab. Because the scale factor σ(x) transforms as

σ(y) = σ(x) − 2 log |yx| (6.6)

under conformal maps, the field combination

Õ′
m,n(x) = O′

m,n(x) − ∆′
m,nσ(x)Om,n(x)

2
(6.7)
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is a scalar (the dependence on the background metric is the price). In the BRST-invariant formulation,
Eq. (5.7) can thus be rewritten as

Bm,nUm,n =
√

ĝ

(
1
4
∆̂Õ′

m,n − ∆′
m,n

8
R̂Om,n

)
, (6.8)

where ∆̂ is the covariant Laplace operator w.r.t. ĝab and R̂ is the corresponding scalar curvature. On a
sphere, the contribution of the second term obviously reduces to (6.5).

At this step, it becomes clear that a better understanding of the GR structure in GMG, in particular,
the evaluation of the expectation in the right-hand side of Eq. (6.5), is important for our program.

7. Ground ring in generalized minimal gravity

It was discovered in [12], [13] that in MG, the degenerate fields Φm,n of the GMM when combined with
the degenerate exponentials Vm,n of the corresponding LFT yield nontrivial BRST-invariant operators (6.2)
with the ghost number zero and the conformal dimension (0, 0). Some of these operators were evaluated
explicitly in [10]. The spatial derivatives ∂Om,n and ∂̄Om,n are BRST-exact (5.6). Therefore, in the BRST-
closed environment, the correlation functions of these discrete states are independent of their positions.
Moreover, treated as BRST cohomology classes, they form a closed ring under the OPEs, called the GR.
This observation led Witten [13] to conclude that this object plays a crucial role in MG and that probably
the complete algebraic structure of the theory is that of the GR.

In this section, we present a few explicit calculations revealing the GR properties. The cohomol-
ogy properties of Om,n are relevant only in a Q-invariant environment. The simplest invariant state on
a sphere is created by three operators Wa. We therefore actually calculate the correlation function of
〈Om,nWa1Wa2Wa3〉 on a sphere with three generic Wa insertions. We note that we again assume that all
three parameters a1, a2, and a3 are generic. Certain delicate effects, which we do not touch here, might
occur if one or more of the Wa involve reducible representations of either matter or Liouville Virasoro
algebras.

Modulo exact forms, the discrete states Om,n act in the space of the classes Wa because their action does
not change the ghost number and all nontrivial classes are exhausted in the generic case by the composite
fields Wa with different a. Moreover, because of the decoupling restrictions in the OPEs of the degenerate
fields Φm,n and Vm,n with the respective primaries Φα and Va, the general structure of the operator product
Om,n(x)W (a) must have the form

Om,nW (a) =
(m,n)∑
r,s=0

A(m,n)
r,s W (a + λr,s) + exact terms (7.1)

with some numerical coefficients A
(m,n)
r,s . Our immediate goal is to evaluate these numbers.

It is instructive to calculate explicitly in the simplest case (m, n) = (1, 2). The special OPEs we need
in this case are (2.13) and

V1,2(y)Va(0) = C
(L)
+ (a)(yȳ)ab[Va−b/2] + C

(L)
− (a)(yȳ)1−ab+b2 [Va+b/2], (7.2)

where

C
(L)
+ (a) = 1, C

(L)
− (a) = − πµ

γ(−b2)
γ(2ab − b2 − 1)

γ(2ab)
. (7.3)
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It is easy to verify by explicit calculation (at least at the primary field level) that in the product Ua =
Φa−bVa, the action of the operators H1,2 and H1,2 eliminates the “wrong terms” (i.e., those that include
the combinations Φa−b/2Va−b/2 and Φa−3b/2Va+b/2), and we are left with5

O1,2W (a) = A
(1,2)
0,−1W

(
a − b

2

)
+ A

(1,2)
0,1 W

(
a +

b

2

)
+ exact terms, (7.4)

where explicitly
A

(1,2)
0,−1 = (1 − 2ab + b2)2C(M)

− (a − b)C(L)
+ (a),

A
(1,2)
0,1 = (1 − 2ab + b2)2C(M)

+ (a − b)C(L)
− (a).

(7.5)

The polynomial multipliers in (7.5) appear from the action of H1,2H1,2 on the corresponding terms in the
expansion of Θ1,2(x)Wa(0). A similar calculation can be performed directly for the action of every Θm,n,
level by level. We verified that the “wrong terms” cancel explicitly in the case (m, n) = (1, 3) and found
the polynomials resulting from the action of H1,3H1,3. The result is summarized as

N(a + λr,s)A(m,n)
r,s = Λm,nN(a), (7.6)

where
πΛm,n = Bm,nN (am,−n), (7.7)

Bm,n are the same as in Eq. (3.6), and the factor N (a) was introduced in Eq. (4.7).
It seems tempting to simplify these relations by introducing the renormalized fields W(a) as in Eq. (4.10)

and
Om,n = Λ−1

m,nOm,n. (7.8)

Expression (7.1) then reduces to

Om,nW(a) =
(m,n)∑

k,l

W(a + kb + lb−1). (7.9)

This expression coincides with that previously obtained based on more general arguments [15]. Here,
we obtain the same expression using a direct calculation [16] (also see [14], [17] for a related treatment).
So far, we have verified it explicitly only for a restricted number of particular examples. In particular,
simple expression (7.6) appears as a result of a mysterious interplay between different terms in the explicit
expressions for Hm,n and for the singular vectors. A simple result of complicated calculations certainly
implies a hidden structure, but the general derivation revealing this structure remains an open problem.
Another important feature of our treatment, in which it differs from that in [15], is that we considered
the action of Om,n on a cohomology Wa with a generic a. It is natural to expect that relations (7.9)
are modified when specialized to the degenerate classes Wm,n = CCΦm,nṼm,n corresponding to irreducible
representations of the matter Virasoro symmetry (i.e., with a vanishing singular vector in the matter sector).
Although this effect might simply result in the proper truncation of the sum in Eq. (7.9) implied by the
fusion algebra for the degenerate fields, technically the limit a → am,−n in this expression turns out to be
subtle and requires more careful analysis. Therefore, as was mentioned above, we here restrict ourself to
the case of generic values of a, leaving the degenerate irreducible situation for further study. The present

5The action of O1,2 on a generic class W (a) was derived differently in [14]. We were aware that Petkova had obtained this
form as early as the spring of 2004 (also see an earlier discussion in [15]).
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result suffices for our subsequent treatment of integral (5.1) with three generic nondegenerate values of a1,
a2, and a3.

The simple form of formula (7.9) naturally implies the structure of the GR algebra:

Om,nOm′,n′ =
[m,m′]∑

l

[n,n′]∑
k

Ol,k, (7.10)

where the symbol
∑[n,n′]

k denotes the sum over k =
{|n − n′| + 1 : 2 : n + n′ − 1

}
. Or, following [15], we

can introduce the generating elements X = O1,2/2 and Y = O2,1/2 and rewrite (7.10) in the form

Om,n = Um−1(Y )Un−1(X), (7.11)

where Un(x) are the Chebyshev polynomials of the second kind.

8. Boundary terms

The three boundary integrals ∂Γ =
∑3

i=1 ∂Γi in (5.9)

gi =
∫

∂Γi

∂
〈
O′

m,n(x)Wa1 (x1)Wa2(x2)Wa3(x3)
〉dx

2i
(8.1)

are controlled by the OPE of the “logarithmic primitive” O′
m,n and the states W (ai) (generic in our

case). A straightforward way to evaluate this expansion is to expand first for the “primitive” product
Θ′

m,n(x) = Φm,n(x)V ′
m,n(x) and then dress it with CC(0) and apply Hm,nHm,n. The last OPE is again a

product of two independent OPEs for Φm,n(x)Φα(0) and V ′
m,n(x)Va(0). While the first OPE is the same

discrete degenerate OPE (2.15) as in the case of GR calculations, the second OPE is more complicated and
requires a separate analysis.

The most direct way to calculate it is to start with general “continuous” OPE (1.10), which we rewrite
here as6

Vg(x)Va(0) =
∫ ′

↑

dp

4πi
C(L)p

g,a (xx̄)∆
(L)
p −∆(L)

g −∆(L)
a
[
Vp(0)

]
, (8.2)

where the contour ↑ passes through Q/2 along the imaginary axis and the prime indicates the deformations
necessary for the analytic continuation from “basic domain” (1.11). The singularities of the structure
constant

C(L)p
g,a =

(
πµγ(b2)b2−2b2

)(p−a−g)Υb(b)Υb(2g)Υb(2a)Υb(2Q − 2p)
Υb(p + a − g)Υb(a + g + p − Q)Υb(a + g − p)Υb(p + g − a)

(8.3)

are determined by zeros of the four Υb-functions in the denominator. An example of their location is shown
in Fig. 1, where we choose both a and g real, positive, and less then Q/2. The pattern in this figure
corresponds to the “basic domain”, i.e., a + g > Q/2. The “right” zeros of all the four multipliers in the
denominator are to the right, and all “left” ones are to the left from the integration contour ↑, which in
this case remains a straight line passing vertically through Q/2. The strings of zeros are shifted slightly
from the real axis to better distinguish zeros coming from different factors. The uppermost and the next
string from above are due to the respective factors Υb(p + a− g) and Υb(a + g + p−Q). Then we have the
zeros of Υb(a + g − p), and the lowest string belongs to the multiplier Υb(p + g − a). If, for instance, the
parameter g decreases and a + g becomes less than Q/2, then the two poles at a + g and Q − a − g cross
the vertical line Re p = Q/2 (often called the Seiberg bound [18]). Analyticity requires that the integration

6In this section, the letter g does not denote b−2 as in Sec. 4 and in Sec. 11 below.
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a g{ Q g a{ +
a g+

Q a g{ +

2 { {Q a g

Q iP/2+

Fig. 1. Location of the poles of the structure constant for a + g > Q/2.

b̈( + { )p a g

b̈( + + { )p a g Q

Q a g{ {
g a{

b̈( + { )a g p

b̈( { + )p a g

a g Q+ {
a g{ Q g a{ +

a g+

Q a g{ +
2 { {Q a g

p

Fig. 2. The contour deformation due to the analytic continuation of OPE (8.2) outside the basic

domain.

contour be deformed accordingly (see Fig. 2). The effect of this contour deformation can be segregated as
the so-called discrete terms, as shown in Fig. 3, where the poles a + g and Q− a− g are marked by circles.
The residues at these poles can be calculated explicitly, which results in the formula

Vg(x)Va(0) =
1
2
(xx̄)−2ag

[
Va+g(0)

]
+

1
2
(xx̄)−2agRL(a + g)

[
VQ−a−g(0)

]
+

+
∫
↑

dp

4πi
C(L)p

g,a (xx̄)∆
(L)
p −∆(L)

g −∆(L)
a
[
Vp(0)

]
. (8.4)

We note that the two discrete terms in (8.4) are in fact identical because of reflection relation (1.8). This is
a consequence of the complete symmetry of integral (8.2) under the reflection p → Q − p, and it therefore
holds for all “mirror images” w.r.t. this symmetry. Below, we use this feature to keep only one of each
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b̈( + { )p a g
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g a{
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b̈( { + )p a g

a g Q+ {
a g{ Q g a{ +

a g+

Q a g{ +
2 { {Q a g

p

g 0!

Fig. 3. The “discrete terms” resulting from the poles at p = a + g and p = Q − a − g are chosen

explicitly. These contributions are singular as g → 0 because of close poles at p = a − g and p =

Q − a + g. We note that we treat the pole located close to the vertical line Re p = Q/2 as a discrete

term.

pair of images, for example, that with Re p < Q/2, subsequently doubling the answer. A further change
of the parameters may force more poles to cross the contour, and there will be more discrete terms in the
right-hand side of (8.4).

Another important remark is in order. When deriving (8.4) above, we implied that Re(a + g) < Q/2.
Considering the opposite case Re(a + g) > Q/2, we immediately find that we must choose the poles
p = Q − a + g and p = a − g. This replaces Eq. (8.4) with

Vg(x)Va(0) = (xx̄)−2(Q−a)gRL(a)
[
VQ−a+g(0)

]
+
∫
↑

dp

4πi
C(L)p

g,a (xx̄)∆
(L)
p −∆(L)

g −∆(L)
a
[
Vp(0)

]
. (8.5)

In general, if two poles of the integrand pinch the integration contour, similarly to what we have just
observed in a simple example, then it is correct to explicitly choose the residue of the pole that is closer
to the bound Re p = Q/2 (and finally to put the remaining integration contour in its original position
Re p = Q/2). The opposite choice is misleading because in this case the residual integral part contains
terms more important than those taken into account. Finally, it is convenient to use the reflection relations
and put all the discrete terms Va in the half-plane Rea < Q/2.

Our purpose is to study (8.2) for g close to a certain degenerate value g → am,n = Q/2 − λm,n.
We immediately see that structure constant (8.3) contains an overall multiplier Υb(2g) that vanishes in
this limit. Hence, the singularities arising from the divergences of the integral are very important. To
give an idea of what happens in general, we first consider the simplest possible case g → a1,1 = 0. The
corresponding degenerate field V1,1 is just the identity operator, while the logarithmic primary V ′

1,1 coincides
with the basic Liouville field φ. In the limit g → 0, the integral term in both equations (8.4) and (8.5)
disappears, and we obtain a pure Va(0) (as it must be for the identity operator at the place of Vg in the
left-hand side). This is the simplest, trivial case of the discrete degenerate OPE (similarly to (2.15) in
GMM):

Vm,n(x)Va(0) =
(m,n)∑

r,s

(xx̄)λr,s(Q−2a−λr,s)−∆(L)
m,nC(L)

r,s (a)[Va+λr,s ], (8.6)
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Fig. 4. Singular terms in integral (8.2) in the limit g → −b. The discrete terms are chosen explicitly.

This picture corresponds to the case Re(a + g) < Q/2 − b.

which holds for the fields Vm,n because of decoupling (3.1) of singular vectors. Further, the term linear in
g in (8.4) gives

φ(x)Va(0) = −a log(xx̄)Va(0) + less singular terms. (8.7)

This logarithmic OPE, which holds for Re a < Q/2, obviously simulates the similar expansion in the theory
of a free scalar field. But for Re a > Q/2, we must instead differentiate Eq. (8.5) w.r.t. g. The net result

φ(x)Va(0) =
(∣∣∣∣Q2 − a

∣∣∣∣
Re

− Q

2

)
log(xx̄)Va(0) + · · · (8.8)

can be formulated more easily in terms of the symbol

|x|Re =




x, Re x > 0,

−x, Re x < 0,
(8.9)

which we use repeatedly in what follows. We note that for the logarithmic degenerate field, the integral
term in the right-hand side of (8.5) does not vanish, as happens in the case of an authentic degenerate field,
and OPE (8.8) remains continuous, although the integral term is less singular than the logarithmic term.7

We soon see that the mechanism leading to nonanalytic structure (8.9) in this simple case is general and
yields all nonanalyticities in the boundary terms.

After this simple warm-up example, we consider the more complicated case g → −b, which corresponds
to V1,2 and, in the logarithmic case, to the field V ′

1,2. A sample pattern for poles of the structure constant is
shown in Fig. 4. The string of right zeros of Υb(a+g−p) penetrates further into the half-plane Re p < Q/2,
and the first and second zeros at p = a+g and p = a+g+b hit the respective second and first terms from the
“left” string of zeros of the factor Υb(p−a+g) at p = a−g−b and p = a−g. As usual, there are symmetric
pinches in the left half-plane Re p > Q/2 under p → Q − p, which give identical contributions and are
therefore not discussed separately. In the limit g → −b, these pinches produce singularities that neutralize
the overall zero in the factor Υb(2g) and give just two-term discrete OPE (7.2). Of course, this discrete

7This is because of our prescription to always choose the pole that is closest to the line Re p = Q/2.
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degenerate OPE, as well as the more general OPE (8.6), can be derived more easily from the null-vector
decoupling and self-consistency conditions (the bootstrap). We reproduce them here more systematically
from generic Liouville OPE (1.10) mainly to show the mechanism leading to the singular discrete terms and
to the vanishing of the continuous integral part. Moreover, this approach suggests a way to find important
terms in the OPE V ′

m,n(x)Va(0) = . . . , i.e., at the next order in the g+b expansion.
First, it is clear that terms of the form

O′
m,n(x)Wa(0) = · · · + log(xx̄)Ra

m,n(0) + · · · (8.10)

(where Ra
m,n is some local operator to be discussed below) are most interesting when calculating boundary

terms (8.1) because

1. such terms give a finite contribution to (8.1)

2. less singular terms are not important in integral (8.1), and

3. contributions of more singular terms (if there are any8) depend singularly on the radius of the circle
∂Γi (in field theory, we attribute such divergences to certain singular renormalizations and therefore
do not take them into account in the definition of integral (5.1)).

Terms of this type can come only from those contributions to V ′
m,n(x)Va(0) in which the derivative w.r.t. g

in Eq. (8.2) (or w.r.t. a in definition (3.3)) acts on the exponent of the (xx̄) dependence. Moreover, such
terms appear only in the discrete terms, where the vanishing Υb(2g) is compensated by a singularity of the
integral (in particular, they never arise in the residual “continuous” terms). A brief consideration makes it
evident that the terms of interest are precisely those that appear in discrete OPE (7.2),

V ′
1,2(x)Va(0) = log(xx̄)

(
q
(1,2)
0,1 (a)(xx̄)abC

(L)
+ (a)Va−b/2(0) +

+ q
(1,2)
0,−1(a)(xx̄)1−ab+b2C

(L)
− (a)Va+b/2(0)

)
+ . . . , (8.11)

but dressed with certain multipliers

q
(1,2)
0,s (a) =

∣∣∣∣a − bs

2
− Q

2

∣∣∣∣
Re

− λ1,2. (8.12)

These multipliers trace back to the derivative w.r.t. g of the (xx̄) exponent, the nonanalyticity being
attributed to the fact that in different domains of the parameter a, different poles must be taken as the
discrete terms (we again recall that in the colliding pairs of poles, we always explicitly choose the one that
is closer in p to the Seiberg bound Re p = Q/2). This is precisely the same nonanalyticity mechanism seen
in Eq. (8.8).

Once the relevant terms in the logarithmic Liouville OPE V ′
1,2(x)Va(0) are established, all further

calculations literally repeat those in the derivation of (7.4). Omitting the straightforward calculations
(which show that the “wrong” cross terms disappear in the product of (8.1) and (2.13) after application of
H1,2H1,2 and again give the familiar polynomials in the “good” terms), we present the final result, which
looks better if we again renormalize the fields Wa as in Eq. (4.10),

O′
1,2(x)Wa = Λ1,2 log(xx̄)

(
q
(1,2)
0,1 (a)Wa−b/2 + q

(1,2)
0,−1(a)Wa+b/2

)
+ nonlogarithmic terms, (8.13)

8As argued above, the residual integral term is less singular than the discrete ones separated according to our prescription.
Even stronger short-distance singularities may appear as additional discrete terms that vanish in the degenerate expansion
but survive in the logarithmic one.
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where Λ1,2 is from Eq. (7.7).
The two examples considered above pave a smooth road to the general case. The relevant logarithmic

terms in V ′
m,n(x)Va(0) are

V ′
m,n(x)Va(0) =

(m,n)∑
r,s

(xx̄)λr,s(Q−2a−λr,s)−∆(L)
m,nq(m,n)

r,s (a)C(L)
r,s (a)[Va+λr,s ], (8.14)

where expression (8.12) is generalized to

q(m,n)
r,s (a) =

∣∣∣∣a − λr,s − Q

2

∣∣∣∣
Re

− λm,n (8.15)

and the sum is again over standard set (2.16). The general version of (8.13) can be directly borrowed
from expression (7.6) in Sec. 7. This expression has never been proved in the GR calculation, only guessed
based on the explicit results for (m, n) = (1, 2) and (m, n) = (1, 3). There is no need to repeat the (1, 3)
calculation in the present context because for the logarithmic terms, as seen above, it literally repeats the
calculation in Sec. 7. Hence, guessed formula (7.6) implies

O′
m,n(x)Wa = log(xx̄)

(m,n)∑
r,s

q(m,n)
r,s (a)Wa−λr,s , (8.16)

where we find it convenient to eliminate Λm,n by renormalizing O′
m,n similarly to (7.8),

O′
m,n(x) = Λ−1

m,nO′
m,n. (8.17)

9. Four-point correlation number

We can now write the main result in this paper, i.e., the GMG four-point function with one degenerate
and three generic matter fields. Adding boundary contributions (8.16) and curvature term (6.5), we find
the expression for the normalized correlation number

Z−1
L

∫ 〈Um,n(x)Wa1Wa2Wa3

〉
d2x = −(b−2 + 1)b−3(b−2 − 1)Σm,n(a1, a2, a3), (9.1)

where

Σm,n(a1, a2, a3) = −2mnλm,n +
3∑

i=1

(m,n)∑
r,s

(
λm,n −

∣∣∣∣ai − λr,s − Q

2

∣∣∣∣
Re

)
. (9.2)

This expression becomes more transparent after a simple resummation of the λm,n terms,

Σm,n(a1, a2, a3) = mnλm,n −
3∑

i=1

(m,n)∑
r,s

|λi − λr,s|Re, (9.3)

where we introduce convenient “momentum” parameters λi = Q/2 − ai for the generic matter insertions.
This parameterization makes the symmetry of (9.2) w.r.t. ai → Q − ai (i.e., the independence from the
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choice of the “Liouville dressing” of the matter fields) apparent and suggests the diagram representation

Σm,n(a1, a2, a3) = mnλm,n −
(m,n)∑

r,s

�
�

�
�

�
�

�
�

|λ1 − λr,s|
(m, n)

1

2

3

−

−
(m,n)∑

r,s

�
�

�
�

�
�

�
�

|λ2 − λr,s|

(m,n)

1

2

3

−
(m,n)∑

r,s

�
�

��

�
�
�
�

�
�

�
�
�
�
�
��

|λ2 − λr,s|

(m,n)

1

2

3

. (9.4)

This expression looks extremely simple, especially if the difficult route to it in our treatment is taken
into account. Most probably, this means that we miss a much simpler and therefore more profound look
at the physics behind the problem. Nevertheless, we believe that our expression is correct, at least if
the generic nondegenerate fields are involved together with the degenerate composite Um,n. In next two
sections, we present several comparisons with the direct numerical integration of Eq. (5.1) and with the
numbers coming from the matrix-model approach. They both support our expression (9.1).

A somewhat closer inspection of (9.3) reveals striking problems. There is an apparent inconsistency
if one (or more) of the fields Wi in our correlation function corresponds to a degenerate matter primary
Φm′,n′ . This problem appears immediately if we insert the matter identity I = Φ1,1, e.g., W3 = Wb = Vb,
instead of one of the generic W insertions. In this case, our formula gives

Σm,n(a1, a2, b) = mnλm,n −
(m,n)∑

r,s

|λ1,−1 − λr,s| −
2∑

i=1

(m,n)∑
r,s

|λi − λr,s|Re, (9.5)

while the standard interpretation of Vb as the area element implies (equivalently, see Eq. (8.8)) that

Σm,n(a1, a2, b) = b −
2∑

i=1

|λi|Re, (9.6)

which evidently contradicts (9.5) if (m, n) �= (1, 1). A similar problem always arises if the degeneracy of
a matter Wi insertion at one point (or more) entails a reduction of the number of the conformal blocks
involved in matter four-point function (2.17). We already mentioned this subtlety as the reason to consider
only the case where all three Wi insertions are generic nondegenerate in our calculations. From the analytic
standpoint, this effect is certainly due to the delicate interplay between two limits, e.g., α1 → αm′,n′ in W1

and λ2 ±λ3 → λr,s (with (r′, s′) from the set prescribed by the standard fusion rules) in W2 and W3, which
requires that Φ1 be a degenerate (m′, n′) GMM field.

We are currently uncertain about the resolution of this important difficulty. But we believe that our
formula (9.2) gives the correct answer as soon as the number of matter conformal blocks is equal to the
degeneracy level mn of the field Um,n chosen in (5.1) as the integrated insertion. If not, we can sometimes
use the freedom in choosing the integration point in (1.17) and take another degenerate field Um′,n′ as the
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starting point such that m′n′ gives the actual number of blocks. For example, this always can be done if
all the degenerate fields belong to the (1, n) (or (m, 1)) subset. In this case, it suffices to begin with the
field with the least value of n. This often cannot be done in the case of more general degenerate insertions.
A simple example is the OPE Φ1,2Φ2,1, which results in a single representation [Φ2,2], and the four-point
function with these two matter operators therefore contains only one conformal block.

In relation to the above problem, we find it instructive to consider an example of the four-point function
〈U1,2U2,1Ua1Ua2〉GMG that involves this pair of matter operators. Of course, decoupling matter singular
vectors (2.8) requires relating the parameters a1 and a2 according to the fusion rules with the “intermediate”
representation [Φ2,2]. We here consider the case a1 + a2 = Q−λ1,1 because it illustrates an interesting and
important effect. Namely, the Liouville four-point function is resonant under this choice. This becomes
apparent if we choose the Liouville “dressings” of the fields Φ1,2 and Φ2,1

〈U1,2U2,1UaUQ/2−a〉GMG =
∫ 〈

Φ1,2(x)Φ2,1(0)Φa−b(1)Φq/2−a(∞)
〉
GMM

×

× 〈Vb−1−b/2(x)Vb−b−1/2(0)Va(1)VQ/2−a(∞)
〉
L

d2x (9.7)

and therefore
∑

i ai = Q in the Liouville component. In LG, such poles are interpreted as a certain log µ

dressing of the standard power-law µ dependence of the correlation function. On the other hand, everyone
familiar with the matrix-model machinery (whose net result is quite similar to the mean-field picture) would
have a problem imagining how logarithms can appear in this context. Also, our result (9.3) is never singular
in the parameters. Both confrontations suggest that even if the Liouville correlation function has a pole as
a function of ai, then the moduli integral vanishes to cancel the singularity. This is what we now want to
demonstrate for case (9.7), although we are not yet in the position to resolve the singularity and prescribe
the finite part of this integral.

The resonant Liouville correlation function is

〈
Vb−1−b/2(x)Vb−b−1/2(0)Va(1)VQ/2−a(∞)

〉
L

= −(xx̄)b−2+b2−5/2
[
(1 − x)(1 − x̄)

]ab−2ab−1

log µ. (9.8)

The matter four-point function is also quite simple in this case:

〈
Φ1,2(x)Φ2,1(0)Φa−b(1)Φq/2−a(∞)

〉
GMM

=

(
1 − b2 − (1 − 2ab)x

)(
1 − b2 − (1 − 2ab)x̄

)
(1 − b2)2(xx̄)1/2

[
(1 − x)(1 − x̄)

]b2−ab
. (9.9)

Thus,

〈U1,2U2,1UaUQ/2−a〉GMG = − logµ

∫ (
1 − b2 − (1 − 2ab)x

)(
1 − b2 − (1 − 2ab)x̄

)
(1 − b2)2(xx̄)3−b−2−b2

[
(1 − x)(1 − x̄)

]b2−2ab+2ab−1 d2x, (9.10)

which can be integrated explicitly using the general integration formula9

∫
xµ−1x̄µ̄−1(1 − x)ν−1(1 − x̄)ν̄−1 d2x =

πΓ(µ)Γ(ν)Γ(1 − µ̄ − ν̄)
Γ(1 − µ̄)Γ(1 − ν̄)Γ(µ + ν)

. (9.11)

This shows that the integral vanishes, as we expected from general arguments. The finite part of this
integral requires a more delicate analysis. We hope to clarify this important question in the nearest future.

9It is implied that µ − µ̄ and ν − ν̄ are integers in this formula, otherwise the integral has no sense.
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10. Numerical verification: Direct integration

In this section, we check our analytic expression (9.2) for integral (5.1) numerically using direct nu-
merical integration over the moduli space. Of course, the space of three generic parameters a1, a2, and a3

together with the central charge parameter b is too big to be investigated to any degree of comprehensive-
ness. We therefore restrict ourself to a very preliminary study, taking a simple example of the four-point
function 〈U4

1,2〉GMG with four identical U1,2 insertions.10 Although it is not exactly the case of three generic
nondegenerate matter primaries, the OPE Φ1,2Φ1,2 always contains two representations, [I] and [Φ1,3], and
there are therefore always two conformal blocks in the matter correlation function. Our criteria are therefore
satisfied in this case, and we can assume that the answer is given formally by expressions (9.1) and (9.2).

On the other hand, this particular example has some important advantages for numerical work. The
matter structure constants (and, to some extent, the Liouville ones) are simplified. The matter conformal
blocks are expressed explicitly in terms of hypergeometric functions. Finally, all four insertions are identical,
and the integrated 2-form in (5.1) therefore has complete modular symmetry, i.e., it is invariant under the
transformations

R : x → 1 − x, T : x → 1/x,

RT : x → 1/(1 − x), TR : x → 1 − 1/x,
(10.1)

TRT = RTR : x → x/(x − 1).

This allows reducing the integration region in integral (5.1) from the whole complex plane to a fundamental
domain, for example, to the segment F ={Rex < 1/2; |1 − x| < 1}.

Our general result (9.1) for 〈U4
1,2〉GMG can be written as

Z−1
L 〈U4

1,2〉GMG = −(2π)4(b−2 + 1)b−3(b−2 − 1)Σ1,2(b−2)L4(g), (10.2)

where ZL is as in (4.6) and the “leg-factor” L(g) is

L(g) =
∣∣∣∣γ(2gb − b2)γ(2gb−1 − b−2)

4γ2g/b−1(b2)γ(2 − b−2)

∣∣∣∣
1/2

. (10.3)

Here, g is the solution of “dressing condition” (1.14)11

g =
Q

2
−
√(

b − b−1

2

)2

=
b−1

2
+

b

2
−
∣∣∣∣b − b−1

2

∣∣∣∣. (10.4)

Factor (9.3) then becomes

b−1Σ1,2(b−2) = −1
2
b−2 +

7
2
− 3

2
|b−2 − 3|. (10.5)

As a function of b−2, it is plotted as a line in Fig. 5.
The original four-point integral (5.1) here becomes

〈U4
1,2〉GMG = 6

∫
F

GM(x, x̄)GL(x, x̄) d2x, (10.6)

10We postpone a more comprehensive analysis for further work.
11Again, the letter g is not b−2 in this section.
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Fig. 5. Direct numerical evaluation of integral (10.6) (circles) and the exact result (line).

where the explicit GMM correlation function GM(x, x̄) =
〈
Φ1,2(x)Φ1,2(0)Φ1,2(1)Φ1,2(∞)

〉
GMM

is

GM(x, x̄) = F1,1(x)F1,1(x̄) − κ2F1,3(x)F1,3(x̄), (10.7)

κ2 =
(1 − 2b2)2γ(b2)

γ2(2b2)γ(2 − 3b2)
, (10.8)

and the conformal blocks are

F1,1(x) = x1−3b2/2(1 − x)1−3b2/2
2F1(2 − 3b2, 1 − b2, 2 − 2b2, x),

F1,3(x) = xb2/2(1 − x)b2/2
2F1(−1 + 3b2, b2, 2b2, x).

(10.9)

The Liouville correlation function GL(x, x̄) =
〈
Vg(x)Vg(0)Vg(1)Vg(∞)

〉
L

can be represented in the form

GL(x, x̄) = Rg

∫ ′ dP

4π
rg(P )FP

(∆g ∆g

∆g ∆g

∣∣∣∣ x

)
FP

(∆g ∆g

∆g ∆g

∣∣∣∣ x̄
)

, (10.10)

where the complicated expressions for the Liouville structure constants reduce to the equalities

Rg =
(
γ(b2)b2−2b2

)(Q−4g)/b Υ4
b(b)Υ

4
b(2g)

π2Υ4
b(2g − Q/2)

, (10.11)

rg(P ) =
π2Υb(2iP )Υb(−2iP )Υ4

b(2g − Q/2)
Υ2

b(b)Υ
2
b(2g − Q/2 − iP )Υ2

b(2g − Q/2 + iP )Υ4
b(Q/2 − iP )

=

= sinh 2πb−1 P sinh 2πb P exp
(
−8
∫ ∞

0

dt

t

sin2 Pt
(
cosh2(Q − 2g)t − e−Qt cos2 Pt

)
sinh bt sinh b−1t

)
. (10.12)

The general symmetric conformal block

FP

(
∆g ∆g

∆g ∆g

∣∣∣∣∣x
)
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is evaluated numerically using the recursive procedure introduced in [19] (a summary can be found in the
more accessible paper [3]). As usual, the prime on the integral indicates possible discrete terms. In this
study, we consider only the region 1 < b−2 < 5, where such extra terms do not appear and the integral
in (10.10) can be understood literally. In Fig. 5, the results of numerically evaluating integral (10.6) are
shown as circles. We note that near the break at b−2 = 3, this integral converges very slowly near x = 0,
1, and ∞. Numbers in this region in Fig. 5 require proper modification of the integration algorithm. The
solution of this problem, as well as other interesting details related to numerically evaluating (10.6), will
be reported as a separate publication.

11. Comparing with matrix models

Of course, it is very interesting to compare our expression (9.1) with the correlation numbers arising
in the matrix-model context. Unfortunately, this is not straightforward. The standard formulations of the
matrix models are interpreted mostly in terms of genuine rational minimal models with b2 = p/p′ and
involve only degenerate CFT matter fields. Moreover, the main bulk of matrix-model results contains the
information related to field theory in a rather ciphered form. It still takes considerable effort to disentangle
the relevant correlation functions and interpret them in terms of MG.

There is a matrix-model example where the continuous interpretation is unambiguous and, in addition,
the matter central charge varies continuously; hence, our treatment of the GMG seems relevant in this case.
Kostov recently developed an exciting new result for the so-called gravitational O(n) model [20]. This model
is a random lattice covered by self-avoiding polymer loops, each component bringing up the weight factor
n. The critical thermodynamics is controlled by two parameters, the “cosmological constant” x related to
the lattice size and the “mass” parameter t regulating the length of the polymers. Both these parameters
are chosen as deviations from the corresponding parameter values at the double critical point where the
lattice size and loop length “blow up” simultaneously. The critical singularity in the neighborhood of this
point is the subject of continuous field theory.

According to [20], the singular part Z(t, x) of the genus-zero partition function admits the following
simple description. We introduce the parameterization of the loop weight −2 < n < 2 (standard in the
O(n) model)

n = −2 cos(πg) (11.1)

in terms of the variable 1 < g < 2. We also let Z(x, t) be the singular part of the genus-zero partition
function and

u = −(g − 1)Zxx (11.2)

be its second derivative in x. Then u is a solution of the simple transcendental equation

up + tup−1 = x, (11.3)

where p = (g − 1)−1. Equations (11.2) and (11.3) result in the expansion

Z = tx2 + xg+1
∞∑

n=0
n�=1

Γ
(
g(n − 1) − n − 1

)
n! Γ

(
g(n − 1) − 2n + 2

)(tx1−g)n =

= xg+1

( −1
(g − 1)g(g + 1)

+ tx1−g +
(tx1−g)2

2(g − 3)
+

(tx1−g)3

6
+

(g − 2)(tx1−g)4

8
+ . . .

)
. (11.4)

On the other hand, the critical dilute polymers on the random lattice admit the standard continuous
interpretation in terms of GMG with

cM = 13 − 6(g + g−1) (11.5)
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(see [21]). This is one of the occasions where the GMM Mb2 is relevant as the matter field theory whose
parameters are related by

g = b−2. (11.6)

Moreover, the GMM operator coupled to the off-critical “mass” of the polymer loop is most likely the
degenerate Φ1,3 field; hence, we deal with the GMG perturbed by the composite field

U1,3 = Φ1,3Vb−1−b. (11.7)

We note that the particular choice of the Liouville “dressing” turns out to be relevant in the gravity
context at 1 < b−2 < 3 [21], [22]. The coefficients in expansion (11.4) are therefore interpreted as the
multipoint correlation functions of this field in the corresponding GMG. Because the overall normalization
of the partition function depends on the scale and cannot be fixed universally, it is natural to relate the
normalized correlation functions via the relation

Z−1
L 〈Un

1,3〉GMG =
Γ
(
b−2(n − 1) − n − 1

)
Γ(2 − b−2)

Γ
(
b−2(n − 1) − 2n + 2

)
Γ(−1 − b−2)

(2πLeg)n. (11.8)

The rescaling factor Leg is introduced here because the normalization of the dimensional cosmological
constant µ differs from that of x and the field U

(mat)
1,3 coupled to the parameter t is also normalized differently

from our U1,3. The rescaling factor relates the dimensionless combinations:

U
(mat)
1,3 xg−1 = (2πLeg)−1U1,3. (11.9)

It is easy to find this factor explicitly by comparing GMG two- and three-point functions (4.9) with the
corresponding terms in (11.8) [7]:

Leg =
γ(b−2 − 1)

[−γ(b2)γ(2 − 3b2)
]1/2

2(2 − b−2)
(
πµγ(b2)b−2−1

) . (11.10)

Four-point correlator (11.8) is

Z−1
L 〈U4

1,3〉GMG = −3(g − 2)(g − 1)g(g + 1)(2πLeg)4. (11.11)

At the same time, our expression (9.1) in this case gives

〈〈U4
1,3〉
〉

= −(g + 1)g(g − 1)b−1Σ1,3, (11.12)

where

b−1Σ1,3 =
3
2
(
g + 3 − |g − 1| − |g − 3| − |g − 5|), (11.13)

and for 1 < g < 3, we have

b−1Σ1,3 = 3(g − 2), (11.14)

which agrees well with (11.11).
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